Let E be a finite set, R the set of real numbers and f: 2 E ÷ R a symmetric submodular function. The pair (E,f) is called a symmetric submodular system. We examine the structures of symmetric submodular systems and provide a decomposition theory of symmetric submodular systems. The theory is a generalization of the decomposition theory of 2-connected graphs developed by W. T. Tutte.
i. Introduction
A decomposition theory of graphs is developed by W° T. Tutte [9] .
A connected graph G is decomposed into a set of 2-connected subgraphs of G and the incidence relation of these 2-connected subgraphs is represented by a tree. Moreover, a 2-connected graph G is decomposed into a set of 3-connected graphs, bonds and polygons, and their structural relation is represented by a tree. Also R. E. Gomory and T. C. Hu [7] derived a tree structure of the set of minimum cuts of a capacitated undirected (or symmetric) multi-terminal network. In extracting these tree structures, symmetric submodular functions play a crucial role.
Related tree representation of a collection of sets was examined by J.
Edmonds and R. Giles [4] .
Let E be a finite set and f: 2 E ÷ R a symmetric submodular function, whose precise definition will be given in Section 2. The pair (E,f) is called a symmetric submodular system. We shall consider symmetric submodular systems and provide a theory of decomposition of symmetric submodular systems, which is a generalization of the decomposition theory of 2-connected graphs by Tutte [9] . The decomposition theory can be applied to any systems with submoduiar functions such as graphs [9] , capacitated networks [7] , matroids [i0] , communication networks [5] etc., where if necessary the underlying submodular functions should be symmetrized (see Section 5).
Definitions and Assumptions
Let E be a finite set, R the set of real numbers and f: 2 E ÷ R a submodular function, i.e., f(A) + f(B) > f(AUB) + f(Ar%B) (2.1) for any A, B C E. The pair (E,f) is called a submodular system [6] and if the submodular function f is symmetric, i.e.,
for any A ~ E, then (E,f) is called a symmetric submodular system. It should be noted that Cf is complemented, i.e., if C s Cf then E-C c Cf.
Main Theorems
The following lemma is fundamental for the symmetric submodular system (E,f) satisfying (2.6). If there is no Ai* in P* such that Ai* contains at least two A ' 's, then P* = PAP' and this completes the proof.
Lemma i: Suppose that subsets
Therefore, ] suppose that some A * is expressed as A.* = U{Aj' I J=tl,tZ,...,t P} 10 10 (p~2).
Since We can easily see from Theorem 7 that the graph GI* = (VI*,EI*) is a tree.
We call the tree GI* the canonical decompositio n tree, of level i, of (E,f). In this way we replace all the edges, in Gk*, incident to v* and then delete v*, which yields a tree composed of Gk* and Gk+l*.
All the canonical decomposition trees can thus be embedded into the canonical decomposition tree, of level I, of (E,f) by repeatedly embedding canonical decomposition trees into canonical decomposition trees of lower levels. We call the tree composed of all the canonical decomposition trees the total decomposition tree of (E,f). The canonical decomposition tree, of level i, of (E~f) is different from, but essentially the same as, the tree representing the incidence relation of 2-connected subgraphs of G which is described in [9] . 
Examples of Symmetric

